Abstract. The goal of this paper is to construct an algebraic-topological representation of a 80-adjacent doxel-based 4-dimensional digital object. Such that representation consists on associating a cell complex homologically equivalent to the digital object. To determine the pieces of this cell complex, algorithms based on weighted complete graphs and integral operators are shown. We work with integer coefficients, in order to compute the integer homology of the digital object.
Introduction
Several techniques as magnetic resonance (MR) images and computed tomography (CT) images allow to represent voxel-based digital objects. The homology can be used to obtain topological information of such these objects, but the homological study cannot be made directly over the digital objects. In this sense, it is necessary to apply a thresholding process, in such way, the representation of the voxel-based digital object is made using two colors black and white, which represent (respectively) the elements of the object and the part of the space where such object is not included. The homological study does not only consist on computing Betti numbers, but on determining connected components, "holes", tunnels and cycles (closed curves) in the object. To be extendible previous techniques to higher dimensions is an important goal in computer vision.
Integer homology information of a subdivided 4D object (consisting on a set of contractile "bricks" which are glued in a "coherent" manner) is given in this paper by a boundary operator and a "homology" operator for any finite linear combination (with integer coefficients) of bricks, such that, in particular, the boundary of the boundary (resp. the "homology" of the "homology") is zero. Both of them operators can be expressed in terms of arrows acting over the cells of each "brick". For example, the boundary operator (with integer coefficients) of a triangle is an alternate sum of its edges; and the "homology" operator of this triangle is a linear map describing in an algebraic way the contractibility of the triangle to one of its vertices (see Figure 1 for more details). In this paper, we want to extend the techniques shown in [4-7, 10, 11] to dimension 4. In order to get our goal, we show a method to construct a cell complex homologically equivalent to a 4-dimensional digital object. This cell complex is built piece by piece. The bricks which compose the cell complex are obtained (up to isometry) determining firstly their vertices, and then computing the convex hull of such set of vertices by deforming the unit hypercube with integral operators. In this way, the boundary and contractibility operators of each one of the bricks are inherited of the respective boundary and contractibility operators of the unit hypercube. In Figure 2 we can see the digital object, the associated cell complex and the extracted homological information. The shown method, presents some computational improvements respect to similar methods such as the shown in [8] . Here, unnecessary data corresponding to the simplicialization of the convex hull of the unit hypercube are not to saved, and consequently the convex hull of each one of the bricks is obtained directly. Moreover, the number of integral operator to compute the convex hull of each brick decreases, since the number of cells of the unit hypercube is smaller than the number of simplices of the simplicialized unit hypercube.
The structure of the paper is the following: in Section 1, we introduce concepts which appear along the paper; in Section 2, we explain our framework and we develop algorithms to associate the cell complex to a given digital object; and finally in Section 3, we show both as several examples of the 402 configurations of points obtained in dimension 4 (applying the algorithms of the previous section) as the way of transferring the boundary and "homology" operators.
Preliminaries
As we have commented in Introduction, we show a method to construct (piece by piece) dimensional cell complexes associated to 4-dimensional digital objects using as tools graphs and integral operators. So that, it is necessary to introduce several concepts such these digital objects, cell complexes, isomorphic graphs, integral operators...
The term digital object is used for denoting an identifiable item of structured information in digital form within a network-based computer environment. A digital object is a set of sequences of bits or elements, each one of these constitutes structured data interpretable by a computational facility, at least one of the sequences denoting a unique, persistent identifier for that object.
In this paper, we associated to each digital object a mathematical object very used in topology, called cell complex.
A cell complex is a set K = {K (q) } q≥0 of cells satisfying two conditions: (1) every face of a cell is a cell; and (2) if σ and σ are cells, then their intersection is a common face of both (or empty). A cell complex is denoted by (K, ∂) where K is the set of cells and ∂ is a map indicating how to join the cells and satisfies ∂∂ = 0. The boundary operator shows a relation between cells of different dimensions in order to capture the topology of the cell complex. For example, the boundary of a 1-cell c consists of its two end-points, so using binary coefficients ∂(c) = A+B; using integer coefficients, the direction of the edge matters (AB = BA), so we define ∂(c) = B − A. In dimension 2, given a cell complex K whose 0-cells are A, B; 1-cells are a = AB, b = CB, c = AC; and the 2-cell is τ = ABC; the boundary is defined as a linear combination of its faces ∂τ
A graph can be seen as a cell complex of dimension 1, that is, a set of vertices and edges and the relations between them. Graphs are used in Algorithm 1 to obtain the 0-cells of the cell complex associated to a given digital object.
A special type of graphs is the family of complete graphs. A graph is complete if every pair of distinct vertices is connected by an edge. Moreover, if we associate to each edge a weight, we obtain the family of weighted complete graphs (a graph of this family is associated to each subset of vertices of the unit hypercube in order to determine the non-isometric configurations). See Figure 3 (a) for an example of weighted complete graph. In a natural way, we say G 1 and G 2 are isomorphic graphs if there exists a bijection between the set of its vertices which preserves adjacencies (if two vertices of G 1 are joined by an edge, then their images by the bijection must be two vertices of G 2 joined by an edge).
An usual tool to represent adjacency relations between vertices of a graph is the adjacency matrix. The adjacency matrix of a graph with n vertices is an n × n matrix A = (a i,j ) in which the entry a i,j = m if there are m edges from vertex i to vertex j, and it is 0 if there is no edge from vertex i to vertex j. Figure 3 shows an example of a graph together to its adjacency matrix.
A stronger concept than isomorphism is isometry. An isometry is a distancepreserving map between spaces. For example, the isometries in a 3-dimensional space are rotations, translations and symmetries.
Information about graph theory can be founded in [1] .
Other tools used for obtaining the cell complex associated to a digital object are the integral operators (see [3] ).
Given a cell complex (K, ∂) and two cells a
Roughly speaking, an integral operator can be seen as an elementary algebraic thinning operation, allowing the deformation of a cell complex to smaller one (eliminating the cells a and b) with isomorphic homologies. The integral operator φ a,b can be represented as an arrow from the lower dimension cell a until the higher dimension cell b. In this sense, we say that a cell complex is contractible if it has the same topology of a point. For example, the unit hypercube is contractible and its contractibility can be measured in algebraic terms (specifying that the unit hypercube and a point of this one have isomorphic homology groups) by the sequence of integral operators shown in Figure 4 .
A chain contraction (f, g, φ) : (K, ∂) => (K , ∂ ) between two cell complexes is a set of three morphisms f : 
In Figure 5 we can see an example about integral operators and chain contraction. As we have commented in Introduction, the boundary (resp. "homology") operator of the hypercube determines the boundary (resp. "homology") operator of the pieces of the cell complex homologically equivalent to the given digital object. Lemma 1 shows the formula to compute the boundary of a hypercube. See Figure 6 for more details.
be a hypercube written as the cartesian product of four unit segments. The boundary operator of H is given by (1) : Fig. 6 . On left, the tesseract representing a hypercube. On right, the spatial development of a hypercube; the cubes labeled by an odd (resp. even) number have positive (resp. negative) sign in formula (1).
Constructing the Cell Complex Associated to a Given 4-Dimensional Digital Object
In this section, the grid and the neighborhood between the points of this one are fixed; and the algorithms to obtain the cell complex associated to a 4-dimensional digital object are developed.
Establishing the Grid and the Neighboring between the Points
In order to work with digital objects it is necessary to fix a grid as well as the relations between the points of the grid. Our grid is divided into hypercubes (whose intersection is a 3-dimensional cube of 8 mutually 26-adjacent 4-dimensional points) formed by 16 mutually 80-adjacent 4-dimensional points (we work with possible maximal adjacency between points). An example of this division is shown in Figure 7 . This grid is a natural extension to dimension 4 of the grid used in [9] , where similar techniques were developed in order to associate cell complexes to 3-dimensional digital objects.
Once established the grid, the initial digital object is embedded in it, so a subdivision into hypercubes of the object is obtained. Applying a thresholding process, we have a digital object subdivided into hypercubes such way that the vertices of each hypercube which are (resp. are not) points of the object are black (resp. white). Now, the idea is to work each one of these hypercubes with black and white points separately, in order to obtain the pieces of the cell complex associated to the initial object. After, we must join each one of the obtained pieces to compose the cell complex homologically equivalent to the given digital object. 
Cell Complex Obtention
The main goal of this subsection is the construction of the cell complex associated to a given 4-dimensional digital object. The bricks which compose the cell complex are obtained (up to isometry) determining firstly their vertices (Algorithm 1), and then computing the hull of such set of vertices by deforming the unit hypercube with integral operators (Algorithm 2). In this way, the boundary and "homology" operators of each one of the bricks are inherited of the respective boundary and "homology" operators of the unit hypercube.
In order to determine the vertices of the pieces which compose the complex, we develop an algorithm based on isometric graphs (1-dimensional cell complexes) which allows to compute the non-isometric configurations of c points of the unit hypercube, for c = 0, ..., 16. This algorithm associates to each set of points of the unit hypercube a weighted complete graph whose vertices are the points of the set and whose edges are determined by the number of different coordinates between each pair of points. For example, the graph represented in Figure 3 is associated to the set of vertices {(0, 0, 0, 0), (1, 0, 0, 0), (0, 1, 0, 0)}.
Taking into account previous association is natural to establish Definition 1.
Definition 1. Two subsets of vertices of the unit hypercube are isometric if and only their respective associated graphs are isometric.
In order to see the consistency of Definition 1 we must prove Theorem 1. Using previous ideas, we develop Algorithm 1 which compares the graphs built starting from subsets of points of the unit hypercube, saving only non-isometric graphs. So, identifying non-isometric subsets of points with their respective associated graphs, we obtain all the vertices of the non-isometric bricks which can compose the cell complex associated to a 4-dimensional object. By complement configurations, it is only necessary to use the algorithm for subsets with at less 8 points. Once obtained the vertices of the non-isometric bricks which can compose the searched cell complex, the idea is to use integral operators (in a right manner) to deform the unit hypercube in the convex hull of each one of the configurations of points.
Before to show the algorithmic process to define the set of integral operators to deform the unit hypercube, we need to establish a direction over the arrows which represent these integral operators. Indeed, the choice of the direction of these arrows is arbitrary. We have decided to chose the set of these integral operators as a subset of the sequence (ordered set) of integral operators given in Proposition 1. In Figure 4 can be seen a constructive proof of the deformation of the hypercube to the point (0, 0, 0, 0) by φ H .
Once determined the direction of the arrows which represent all integral operators which we can chose to deform each hypercube associated to a configuration of points ω; we show an algorithm which allows us to decide which of these integral operators we must chose to obtain the different pieces which can compose the cell complex associated to the initial object (see Algorithm 2).
Algorithm 2
Input: A configuration of points ω (obtained using Algorithm 1).
Hypercube Hω associate to a ω configuration. Sequence of integral operators φH . Algorithm 2 is divided into two stages: (1) to apply φ H (which computed the contractibility of the unit hypercube to the point (0, 0, 0, 0)) to the white points of each hypercube associated to a configuration ω; (2) to eliminate degenerate cells (if they are appeared in previous stage) applying on them φ H . Note 2. Let us observe that Algorithm 2 determines the hull (non convex hull) of the points. In order to obtain a convex polytope, we must attach an edge for each non-plane face. This process can be made implementing a simple algorithm of recognition of non-plane faces and attaching (in each one of them) an edge whose vertices are the neighbors of the point p i ∈ ω of the non-plane face. Consequently, each non-plane face is transformed into two plane faces.
The pieces which compose the cell complex associated to a given 4-dimensional digital object have been determined (up to isometry). Now, we only need to join these pieces to obtain the searched cell complex. Let us note that such that complex is homologically equivalent to the given 4-dimensional digital object according to Proposition 1 in [3] .
Conclusions and Results
In this paper, we have shown the process to obtain a cell representation of a 4-dimensional digital object where the topological information is saved. We have obtained 402 configurations (running Algorithm 1 in the symbolic computation package Mathematica) which are the pieces that can compose the cell complex associated to a 4-dimensional digital object. In Figure 8 we can see several examples of the pieces with 14 vertices. Below, we show with detail each one of the stages of the described process in previous section with one of the 19 non-isometric configurations of 4 vertices of the unit hypercube, and we also show the transference of the boundary (resp. "homology") operator of the unit hypercube to the single one non-isometric configuration of 15 vertices of the unit hypercube.
Results Obtained for Configurations of 4 Vertices of the Unit Hypercube
Firstly, using Algorithm 1 with c = 12 (whose complementary configurations corresponding to the subsets of 4 vertices of the unit hypercube) we obtain 19 non-isometric bricks of 4 vertices. Now, we must determine the hull of the 19 non-isometric subsets of vertices using Algorithm 2. Particularly, applying Algorithm 2 to the configuration of points {{0, 0, 0, 0}, {1, 0, 0, 0}, {0, 1, 0, 0}, {1, 1, 1, 0}} (see Figure 9 (a)), we obtain a sequence of integral operators which deforms the unit hypercube in Figure 9 (b).
Let us observe that the obtained cell complex applying Algorithm 2, is not a tetrahedron (convex hull of the subset of points), so we must attach the edge < (0, 0, 0, 0), ( (v7, v5, v4, v13, v12, v7, v15, v1) +(v11, v10, v6, v14, v8, v3, v2, v0)+ (v11, v6, v5, v14, v13, v7, v15, v3) − (v10, v9, v4, v12, v8, v2, v1, v0) + (v10, v6, v4, v14, v12, v7, v15, v2) − (v11, v9, v5, v13, v8, v3, v1, v0) − (v6, v5, v4, v7, v3, v2, v1, v0) + (v11, v10, v9, v14, v13, v12, v15, v8) , where φ operator is obtained using Algorithm 2 and ∂(H) is determined in Lemma 1. In an analogous way, the "homology" operator of C is given by the formula φ(C) = fφH g(C) = fφH (H) = (1 − ∂φ − φ∂)(φH(H)), where φ operator is obtained using Algorithm 2 and φH is determined in Proposition 1
Results Obtained for Configurations of 15 Vertices of the Unit Hypercube
In Figure 10 , we show a detailed example where the boundary (resp. "homology") operator of the single non-isometric configuration of 15 points, denoted by C, is computed starting from the boundary (resp. "homology") operator of the unit hypercube, denoted by H, determined in Lemma 1 (resp. Proposition 1) and the maps of the chain contraction which relates H and C. The boundary (resp. "homology") operator of the other configurations is computed in the same way, using the corresponding maps of the chain contraction which relates the configuration with the unit hypercube.
